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Abstract—Some basic equations recently derived by Clements are used to consider crack problems in
anisotropic thermoelasticity. The problems concern a single crack in an anisotropic material in which the
displacement and stress are independent of one Cartesian coordinate. No symmetry elements of the
material are assumed and the temperature, displacement and stress fields are determined for an arbitrary
distribution of temperature or heat flux over the crack faces.

1. INTRODUCTION

This paper is concerned with deriving for a theory of anisotropic thermoelasticity, results for
crack problems which are the counterpart of those given for the isothermal problem by
Stroh[1]. Both the equation of heat conduction and the elastic equations are taken to be
anisotropic and the analysis holds for general anisotropy in which no symmetry elements of the
material are assumed. The uncoupled equations of anisotropic thermoelasticity (Nowacki[2])
are used. Previously, half-space problem (of unmixed type) with temperature specified on the
surface of the half-space have been considered by Sharma[3] (for a transversely isotropic
medium) by Akoz and Tauchert [4] (for an orthotropic medium) (see also Tauchert and Akoz[5])
and by Clements[6] for more general anisotropy. Here we consider plane crack problems and
deduce the effect of the anisotropic thermal and elastic fields when the crack surfaces are
subject to either a specified temperature or a temperature gradient.

As might be expected the fully anisotropic situation leads to non-zero stress-singularities in
the shear and normal stresses at the crack tip for either of the conditions, temperature or heat
flux specified at the crack faces. This is in contrast to the isotropic situation considered by
Sih[7] where a specified temperature led to a singularity in the normal stress (mode I fracture)
while specified heat flux gave a singularity in the shear stress (mode II fracture). In general,
then, in the present problem which is the anisotropic counterpart of the problem of Sih one
would get a mixed mode fracture and hence the possibility that the crack would grow not in the
direction of the x; axis but at some angle to it. The determination of this angle would perhaps
require higher terms in the stress at the crack tip and the determination of the maximum
principle stress near the tip. In Section 6 some illustrative numerical results are presented for a
particular transversely anisotropic material.

2. FUNDAMENTAL EQUATIONS

Take Cartesian coordinates x,, x2, x3 with x, vertical and suppose the half-space x2>0 is
filled with a homogeneous anisotropic elastic material in which the displacement, stress and
temperature fields are independent of the Cartesian coordinate x;. The temperature distribution
T(x1, x2) in the half-space satisfies the heat conduction equation

’T

UM— 0, Q2.1

where A; = A; are the coefficients of heat conduction and the repeated suffix convention
(summing from 1 to 3 for Latin suffices only) has been used. For a prescribed temperature

T(XI, 0) = f(xl)’ (2.2)
855
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on x; =0 the temperature in x>0 is given by the expression (see Clements[6])
T(x1, x2) = % fo ’ A*(p)exp (ipz) + A"(p) exp (~ipZ') dp, (2.3)
where the bar denotes the complex conjugate and
A'(p)= f@exp-ipt g A= [ £(8) exp (ipk) dé. 2.4)

Also, in (2.3), 2’ = x1+ 7x» where 7 is the root with positive imaginary part of the quadratic
equation

Ait+2Ant+ At =0, (2.5)

The displacement and stress in the half-space take the form (see Clements[6])
U=, Arata(za) + D, Axatia(2) + Ce(2) + Cidb(2), (2.6)
o = 2 Liabilza) + D, LiahilZ:) + Nyop'(2) + Nyd'(2") - BT, Q.7
where the sum is from 1 to 3, primes denote derivatives and
| S - .
@) =5- [ A @I exp (p2) dp, @8)
wJo
t 7 ]
alla(za)=2— f E.*(p) exp (ipza) dp, 2.9
m Jo

where the E,’(p) will be chosen subsequently in order to satisfy particular boundary conditions
on x2=40. In (2.6), the C« are defined by the equations

DyCk = v, 2.10)

where
¥i = —i[Bin+ 7Bil, .11
D = cik1 + TCinkz + TCi2k1 + T Cizkz, (2.12)

i is the square root of minus one, the B; are the stress temperature coefficients and the ¢y, are
the elastic constants. Also the A, are the solutions to the equations

(Citk1 + PaCitkz + PaCi2e1 + Pa Cizk2) Aka = 0, (2.13)
where the p, are the roots (with positive imaginary part) of the sextic
|citkr + PCitkz + PCizkr + pcizkal = 0. (2.14)
The L, and N; occurring in eqn (2.7) are defined by
Lija = (Cijkt + PaCifx2) Ata, (2.15)

N = (Ciikl + TC,’,'kz)Ck. (2.16)
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The expressions (2.6)-(2.9) and (2.3) may be used to yield the following expressions for the
displacement and stress

Ui = ';,.' gl‘[) {2 AwE. (p) exp (ipza) + CeA™(p)p ™" exp (ipz')} dp, Q.17
;= % R L {2 LiE(p)ip exp (ipza) + (iN; — By) A" (p) exp (ipz‘)} dp, (2.18)

where ® denotes the real part of a complex number.
If the half-space x, <0 is filled with the same material as is in x>0 then the corresponding
expressions for the temperature, displacement and stress are

T(x1, x2) = 5!; fo {A™(p)exp (~ipz)+ A™(p) exp (ip2)} dp, (.19
U= ;lr- R fo {2 AwEs(p)exp (—ipza) — C:A™(p)p " exp (—ipz")} dp, 2.20)

11 s . . - .
o =—— R fo {2 LiEs (p)ip exp (—ipz.) — (iNij — Bj)A™(p) exp (~mZ')} dp, (21

where A*(p) and A™(p) are related to a prescribed boundary temperature by expressions of the
type given by (2.4). The expressions (2.20) and (2.21) may be obtained by using the same
procedure as that employed by Clements[6] to derive the corresponding expressions for the
upper half-space.

3. THE CRACK PROBLEMS

Consider an infinite anisotropic material in which there is a crack in the region |xi| < a, —% <
x3 < in the plane x; = 0. The surface of the crack is subjected to the tractions o= —7(x1). In
addition to these tractions we consider two situations concerning the temperature field. (i) A
prescribed temperature T(x;,0) = f(x1) acts on the crack surface. (ii) A prescribed heat flux
dT]dx, = —Q(x,) acts across the crack surface.

It is required to find suitable stress and temperature distributions which satisfy the above
boundary conditions at the crack and satisfy certain conditions (to be specified later) at infinity.
The corresponding problems in an isotropic medium have been considered by Sih{7]}.

4. TEMPERATURE FIELDS

It is convenient to consider the regions x>0 and x;<0 separately. In x2>0 the tem-
perature is given by eqn (2.3) while in x2 <0 the relevant equation is (2.19). The temperature
field is of course different for problems (i) and (ii) so we consider these cases separately.

(i) Specified temperature on crack faces. The temperature is specified on the crack surface
S0

T(x,0)=f(x1) for |xi|<a. 4.1

The condition that the temperature is continuous on x; = 0 leads, from (2.3) and (2.19), to the
relation

A*(p)= A (p). “4.2)

Also, using (4.2), continuity of heat flux across x, =0 for |x;/> a leads to the condition

L p{A*(p) exp (ipx1) + A*(p) exp (—ipx)}dp =0 for |xi|>a 4.3)
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and condition (4.1) requires
| . - .
27]; {A"(p)exp (ipx)+ A" (p)exp (—ipx)}dp = f(x)) for |xi|<a. 4.4

We assume that f(x)) is an even function of x; so that eqns (4.3) and (4.4) reduce to the pair

©

fopA*(p)cos(px,)dp=0 for x,>a,

fo A"(p)cos (px;)dp = mf(x)) for 0<x <a, 4.5)

where A*(p) is now a real function (the case for general f(x;) can be treated similarly by writing
it as the sum of even and odd functions).

To evaluate the temperature field throughout the body in this problem some care must be
taken with the boundary conditions at infinity. In the case when f(x)) = fo (a constant) for
example (i.e. a constant temperature on the crack faces) the temperature will behave like log r
at infinity and because of this behaviour there is a trivial solution T = f, to this problem. Also if
To(x1, x2) is a solution so is T = aTo(x1, x2) + (1 — a)fo so that the problem is not uniquely posed.
To be specific, consider the case f(xi) = fo. Then the temperature field can be written as

_L ’ 2 _ 23172
T—loga Rlogz’' +(z"—a’)" ]l (4.6)

This satisfies all the boundary conditions on x, =0 but so does
T=aTo+(1-a)fo 4.7)

for any constant @ as mentioned above. To determine the constant @ we can consider which
three dimensional problem the plane problem consider here is an approximation to. Con-
siderations of this kind have been made by Dharmadesa[8] for certain potential problems. As
far as the singular stresses at the crack tip are concerned, however, only the temperature on the
crack face is important and the above argument does not affect the stress near the crack tips.
This is discussed later in Section 5.

(i) Specified heat flux across the crack.

oT

=-Q(x1)) on x=0 for |xf<a.
axz

Since the heat flux (which is proportional to d7/dx;) is now specified across the crack and is
necessarily continuous across x; =0, |x;|> a it must be continuous on x; = 0 for all x,. Hence
from (2.3) and (2.19) we require

TA*(p)=7A (p) = A+ iAr = A(p), (4.8)

where Ay and A; are real functions of p. Use of this condition, the specified flux for |x;| < a and
continuity of temperature T for |xi|> a leads to the equations

# j () Awrexppxyap =0 for |ni>a, 49)
0

| ©
p glJ; ipA(p)exp (ipx)dp =-Q(x1) for |x|<a. (4.10)

If Q(x,) is an even function then A, =0 and (4.9) and (4.10) reduce to
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foAz(p)cos(px])dp=0 for |xi>a, 4.11)

a0

f pAx(p) cos (px1)dp = wQ(x1) for |x|<a. 4.12)
0
These integral equations have the solution (see Busbridge[7])

a 1
Axp)= fo wlo(pup) dp f_ 1 Que)1- £ dg, 4.13)

where, in the usual notation, Jo is the Bessel function of order zero. If Q(x)= Qo (constant)
then (4.13) reduces to

Axp) = 7Qo fo wo(up) dp. 4.19)

Once A'(p) and A™(p) have been calculated from (4.8) and (4.14), the temperature
throughout the material may be obtained from (2.3) and (2.19). For example, when Q(x)= Qo
the temperature difference across the crack is given by

T=—M
TT

Qua*—xH"” for |x|<a (4.15)

5. THE STRESS FIELD

As in Section 4 the regions x;>0 and x;<0 are considered separately. In x>0 the
displacement and stress are given by the expressions

w=la I ) {Z AuBSp) exp ipze) + A" oI exp (), (5.1)
;i = i * J; " {Z LiE.*(p)ip exp (ipz2) + (iNi — Bi) A*(p) exp (ipZ‘)} dp (5.2)
and in x> <0 the corresponding expressions are
U = % R fo ) {2 AiEq (p) exp (—ipz.)— Cx A™(p)p ™' exp (—iPZ')} dp, (5.3)
01== 22 [ {3 LBy )ip exp (i)~ Ny~ B)A () exp (-ip) | dp. (5.
The requirement that the stresses o;; be continuous on x, = 0 immediately yields

ip[Z {LiaEs" ()~ EnaE;(p)}] +i[N2A*(p)+ N2A (p)
- BulA*(p)- A (p)1=0. (5.5)

Equation (5.5) may be rearranged to yield

> LooEs (p)+p 'A*(0H N+ iBi} = 2, LisaBa (p) — p ' A" (0){Ni2 - ). (5.6)

Denoting these expressions by Fi(p) it follows that
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E.(p) = MuF(p) - Mu{Noa+ iB}A"(p)p ", 5.7
E. (p) = MaFi(p) + Mu{Ni2+ iB2} A (p)p ™. (5.8)

where
2 LipeM.j = ;i (5.9

The traction boundary conditions on the crack surface and the continuity of displacement
outside the crack (on x»=0) remain to be satisfied. From (5.1) and (5.3) it follows that the
displacement will be continuous if

%L [2 {AwE." ()~ AwEa (p)}+ CA™(p)p™" + C’kl‘{_(P)P_l] exp (ipx))dp =0 for |x>a.

(5.10)
Equations (5.7) and (5.8) may be employed to write (5.10) in the form
2 [ (HuFp)+ Rplexp ipx)dp =0 for [x|>a, (5.11)
0
where
Hks = Bis — B.ks, Bks = AkaMas (5.12)
and

Ri(p) = {~Bu(Np + iBi) + CJA*(p)p ™" +{~Bu(N— iB) + CA (p)p™". (5.13)
The condition of prescribed tractions oi2 = pi(x1) + gi(x1) (Where pi(x1) and gi(x1) are, respec-
tively, even and odd functions of xi) over the crack surface will be satisfied if

%92 I Fi(p)ip exp (ipx1)) dp = pj(x1) + gj(x;) for [xi|<a. (5.14)
0

If we write F; = F;+ iF and R = Ri+ iR% where the primed quantities are real then eqns
(5.11) and (5.14) become

fpFL(p)Sin(pxl)dp=—7TQk(xi) for |xi]<a,
0 (5.15)

f [iHksFi(p)— Rfsin (px))dp =0 for |xi|>a
(1]
and

f pFi(p)cos (px)dp = —mpi(xy) for [xi|<a,
¢ (5.16)

f [iHisFp)+ Ril cos (px))dp =0 for |xi|>a.
0

Stroh[1] has shown that the matrix Hi, is non-singular and hence there exists an inverse
matrix Ty such that

TixHis = 8. (5.17)
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Use of (5.17) in (5.15) and (5.16) yields the dual integral equations

f pFip) + iTuR sin (pri) dp = Vix) for |n|<a,
[i]

) (5.18)
I [Fip)+ TR sin (px))dp =0 for |xi|>a
¢
and
f pIFUp)— iT R cos (px1)dp = Wi(x1) for |xd<a,
0 5.19
f [Fip) - iTisRiJcos (px))dp =0 for |x|>a,
0
where
Vi(x) = -—qu(xl)+f0 ipTisRY sin (px,) dp, (5.20)
Wilxy) = —mpe(x:) — ]; ipTwsR cos (pxi1) dp. 5.2D
The general solution of (5.18) and (5.19) is (see Stroh[1])
. 1 a 1 N
Fip)+ ‘Tkngz; J; pJi(pp) du f 1 Vi(pd)(1- £ g dg, (5.22)
1 !
Flp)— TR, =— Y St ir]
Kp) = 1ToRi = [ i) dos [ Wau)1~ £ ag. 529

Once the heat flux and tractions are known the displacement and stress throughout the
material may be found through (5.22), (5.23), (5.8) and (5.1)-(5.4).

However, to evaluate the singular stress field at the crack tip all one needs to do is to
evaluate the effective loading induced on the crack via the temperature field. This can be done
from (5.20) and (5.21) and then results for the near crack tip stress field follow from the results
derived by Stroh[1] for the elastic case. To justify this we need to show that the expressions
iTi R, and iTy:R: on the left hand sides of (5.22) and (5.23) do not contribute to the singular
stress field. This is relatively easy to show and is demonstrated below. We discuss the effect of
the two temperature fields outlined in Section 4.

(i} Specified temperature on the crack faces
Restricting attention to the situation when the temperature specified on the crack f(x) is an

even function of x; we have that A¥(p) is a real function of p. Hence, using (4.2), (5.13)
becomes

Ri(p)=2A"(p)p "' R{Ci— Bu(Niz + iBi)} (5.24)

so Rip)=0 and Ri(p)= Ri(p). Thus, in (5.20) there is no contribution to Vi(x;) from the
temperature field and in (5.21) we have

Wi(x1) = —ape(x)) = 2iTisR{Cs — Ba{Niz + iBn)} L A*(p)cos(pxy)dp

and the integral is just the temperature which is specified on the crack faces. Hence, from (4.5)
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we get
Wi(x1) = —mr{p(x1) + 2if (X1) Tis R[Cs — Bsi{ Nia + iBi2)]}. (5.25)
From (5.2) and (5.7) the stress on x; = 0+ can be written

= w"%Jy ipF,(p) exp (ipx;) dp
0

%0

=—1r”'f pF:sin px, + F5cos px;}dp (5.26)
0

and from (5.24) it can be seen that the effect of the terms iTi.R}; of (5.23) is just to give a stress
which is proportional to the temperature field and since the temperature field cannot be singular
at the crack tip this term gives rise to a non-singular stress at the crack tip. Note, however, that
the influence of the temperature on Wi(x,) (eqn (5.25) above), does affect the singular crack tip
stress field. Thus, for the purposes of determining the singular stress at the crack tip it is only
necessary to know the temperature distribution over the faces of the crack. However, to
calculate the stress throughout the material it is necessary to obtain the complete temperature
field.

In the case of a stress free crack with a given constant applied temperature f(x,)= fo
(constant) eqn (5.25) yields

Wi(x1) = Wi (constant) 5.27
where
Wi = 2imfoTisR{Cs — Bsi Nio + iBi2)]. (5.28)

Hence, from (5.23) and (5.26) we obtain an expression for the stresses on x, = 0 near the crack
tip at x; = a in the form

o= Wir ‘(al2r)” (5.29)
where r = x;—a with x;>a.
(i) Specified heat flux across the crack
As in (ii), Section 4, we consider the heat flux Q(x,) to be a symmetric function of x,. Then
A(p) = iAx(p) is a purely imaginary function of p and (5.13) becomes

Ri(p) = 2iAx(p)p ' R{7"'[Ck — Bu(Ni2 + iBi)l} (5.30)

giving R; =0 and R,(p) = iR¥p). For this problem there is no contribution to W(x,) from the
temperature field but (5.20) gives

Vi(x)) = —mqe(xy) + 2iTisR{7"'[C; — Bu(Nia + iBiZ)]}f Ax(p) sin (px;) dp. (5.31)
0
Integrating eqn (4.12) with respect to x;, we obtain
w 5
f Ax(p) sin px,;dp = ﬂf Qt)dt for 0=sx <a. (5.32)
0 0

When the applied tractions are zero and the heat flux is constant over the crack faces
(Q(x1) = Qo, say) then

Vi(x1) = Vixa (5.33)
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where
Yk = 2iTisQoR{r'(Cs — B(Ni2 + iB)]}. (5.34)

Hence, from (5.22) and (5.26) we obtain an expression for the stresses on x2 = 0 near the crack
tip at xy = a in the form

312
‘Vka’

0"‘2:5;"715- (5.35)

6. NUMERICAL RESULTS

In this section we consider the stress near the crack tip in a particular transversely isotropic
material.

For transversely isotropic materials with the x; and x;-axes lying in the transverse plane the
non-zero ciu, a; and A; are
Cint = €2222, C1133 = €2233, C1313 = €323, C1122,
€333, C1212 = (C1in ~ Cniz2), @11 = @z, @33,
A=A, Asn.

If a rotation of a about the x;-axis is followed by a rotation of 8 about the x;-axis then the
constants referred to the rotated frame are given by

Cz'ikl = AimQAinQkpBigCmnpq, Blu = al'maiann, A:; = al'main)tmns
where

cosa -—sinasinf —sinacosé
lai]l= 0 cos @ sin @
—sina —cosasin® cosacosé

We consider the particular transversely isotropic material which, referred to the symmetry
axes with the xs;-axis normal to the transverse plane, has constants

cun =165, cun=3.1,cunn=>5, 1333 =6.2,

Ci3i3 = 3.92, 106(111 = 60.8, 106a33 = 14.3, An//\;; =1.17

If the elastic constants are multiplied by 10" then the units for these constants are dynes/cm®
while the coefficients of linear thermal expansion are for a temperature increase of one degree
centigrade. These are the values of the material constants for a crystal of zinc although they are
chosen here merely for illustrative purposes. The values of % and ¥ for such a material for
various combinations of « and 6 are listed in Table 1.

Table 1.

a 0 0 w4 nl4 wf3 w2
] w2 w4 0 w4 wl6 0
W, 0 0 0 4.73 4.69 0
W, -2.14 368 -209 -499 -499 347
W, 0 1.84 0 -13 -2.26 0
v, 0.94 1.37 .12 -023 -~0.42 0.8
v, 0 0 0 0.71 0.84 0

Vs 0 0 -19 -0.3 -0.19 0
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If each of the constants occurring in Table 1 are multiplied by 107 then the units for the
constants are dynes/cm’.

We now use the analysis of Section 5 together with the results in Table 1 to consider the
singular nature of the stress in the plane of the crack near to the crack tip at x; = a.

Case 1: a =0, 6 = w/2. Each of the planes x =0, i =1,2,3 is a plane of elastic symmetry.

For a constant applied temperature fo it is apparent from Table 1 and eqn (5.29) that the
shear stresses o2 and o3 are not singular in the plane of the crack.

For a constant heat flux Q, the stress oy; is singular in the plane of the crack but o and o
do not exhibit singular behaviour.

These results are consistent with those previously obtained by Sih[5] for the corresponding
problems for isotropic materials.

Case 2. a =0, 8 = w/4. The x, = 0 plane is a plane of elastic symmetry while the x, = 0 and
= ( planes are not planes of elastic symmetry.

For a constant applied temperature fo the stress @y is not singular in the plane of the crack
but both the o2 and o7 stresses exhibit singular behaviour.

For a constant heat flux Q, the stress o, is singular in the plane of the crack but g, and o
do not exhibit singular behaviour.

Case 3: a = m/4, § = 0. The x» =0 plane is a plane of elastic symmetry, while the x, = 0 and

= () planes are not planes of elastic symmetry.

For a constant applied temperature fo the o2 stress is singular on x; = 0 but the o2 and o2
stresses are not singular.

For a constant heat flux Qo the o12 and o2 stresses are singular but the o2 stress is not
singular on x;=0. It is of interest to note that, for the cases considered, this particular
combination of angles gives the largest singular stress near the crack tip for a given constant
heat flux Wo.

Case 4: a=7/4, 8 = w4 and a = /3, § = w/6. None of the planes x; =0, i=1, 2, 3 are
planes of elastic symmetry in this case. All the stresses o1z, | = 1, 2, 3 are singular on x; =0 for
both an applied temperature and a given heat flux. These combinations of angles give a
markedly larger singular stress on x,=0 for a given applied temperature f, than any of the
other angles considered.

Case 5: a = w/2, § =0. All of the planes x; =0, i =1, 2, 3 are planes of elastic symmetry.
The stress pattern is similar to that outlined for case 1.
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