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Abstract-Some basic equations recently derived by Clements are used to consider crack problems in
anisotropic thermoelasticity. The problel1!s concern a single crack in an anisotropic material in which the
displacement and stress are independent of one Cartesian coordinate. No symmetry elements of the
material are assumed and the temperature, displacement and stress fields are determined for an arbitrary
distribution of temperature or heat flux over the crack faces.

1. INTRODUCTION
This paper is concerned with deriving for a theory of anisotropic thermoelasticity, results for
crack problems which are the counterpart of those given for the isothermal problem by
Stroh [1]. Both the equation of heat conduction and the elastic equations are taken to be
anisotropic and the analysis holds for general anisotropy in which no symmetry elements of the
material are assumed. The uncoupled equations of anisotropic thermoelasticity (Nowacki [2])
are used. Previously, half-space problem (of unmixed type) with temperature specified on the
surface of the half-space have been considered by Sharma[3] (for a transversely isotropic
medium) by Akoz and Tauchert[4] (for an orthotropic medium) (see also Tauchert and Akoz[5])
and by Clements[6] for more general anisotropy. Here we consider plane crack problems and
deduce the effect of the anisotropic thermal and elastic fields when the crack surfaces are
subject to either a specified temperature or a temperature gradient.

As might be expected the fully anisotropic situation leads to non-zero stress-singularities in
the shear and normal stresses at the crack tip for either of the conditions, temperature or heat
flux specified at the crack faces. This is in contrast to the isotropic situation considered by
Sih [7] where a specified temperature led to a singularity in the normal stress (mode I fracture)
while specified heat flux gave a singularity in the shear stress (mode II fracture). In general,
then, in the present problem which is the anisotropic counterpart of the problem of Sih one
would get a mixed mode fracture and hence the possibility that the crack would grow not in the
direction of the XI axis but at some angle to it. The determination of this angle would perhaps
require higher terms in the stress at the crack tip and the determination of the maximum
principle stress near the tip. In Section 6 some illustrative numerical results are presented for a
particular transversely anisotropic material.

2. FUNDAMENTAL EQUATIONS

Take Cartesian coordinates x\, X2, X3 with X2 vertical and suppose the half-space X2 > 0 is
filled with a homogeneous anisotropic elastic material in which the displacement, stress and
temperature fields are independent of the Cartesian coordinate X3. The temperature distribution
T(x\, X2) in the half-space satisfies the heat conduction equation

(2.1)

where A;j = Ajj are the coefficients of heat conduction and the repeated suffix convention
(summing from 1 to 3 for Latin suffices only) has been used. For a prescribed temperature

T(x\, 0) = !(XI),

855

(2.2)
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on X2 = 0 the temperature in X2 > 0 is given by the expression (see Clements [6])

1 L""T(XI, X2) = 21T 0 A +(p) exp (ipz') +A+(p) exp (-ipz') dp,

where the bar denotes the complex conjugate and

(2.3)

(2.4)

Also, in (2.3), Z' = XI + TX2 where T is the root with positive imaginary part of the quadratic
equation

All + 2AI2T + A22T
2

= O.

The displacement and stress in the half-space take the form (see Clements[6])

Uk = 2: Akal/la(Za) +2: Aka,fra(Z) +Ckt!J(z') +C~(z'),
a a

Uij = 2: Lijal/l~(Za) +2: Dja,fr~(ia) +Niit/1'(ZI) +Nijt1J'(i') - (:JijT,
a a

where the sum is from 1 to 3, primes denote derivatives and

t!J(z') = 2~ f A +(p)p-I exp (ipz') dp,

l/Ia(Za) = 2~ f E/(p) exp (iPZa) dp,

(2.5)

(2.6)

(2.7)

(2.8)

(2.9)

where the Ea+(p) will be chosen subsequently in order to satisfy particular boundary conditions
on X2 = O. In (2.6), the n are defined by the equations

where

'YI = -i[{:JiI + T{:JI2],

DIJc = Cilkl +TCilk2 +TCi2kl + iCi2k2,

(2.10)

(2.11)

(2.12)

i is the square root of minus one, the {:Jij are the stress temperature coefficients and the Cljkl are
the elastic constants. Also the Aka are the solutions to the equations

(2.13)

where the pa are the roots (with positive imaginary part) of the sextic

(2.14)

The L ija and N;j occurring in eqn (2.7) are defined by

(2.15)

(2.16)
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The expressions (2.6}-(2.9) and (2.3) may be used to yield the following expressions for the
displacement and stress

Uk =.; iJlr{~ AkaE/(p) exp (iPZa) + CkA+(p)p -I exp (iPZ')} dp, (2.17)

(Tij =.; iJlr{~ LijaEa+(p )ip exp (ipza) +(iMj - f:Jij)A+(p) exp (iPZ')} dp, (2.18)

where iJl denotes the real part of a complex number.
If the half-space X2 < 0 is filled with the same material as is in X2 > 0 then the corresponding

expressions for the temperature, displacement and stress are

T(xlox2)=_1 Leo {A-(p) exp (-ipz') +A-(p) exp (ipi')}dp, (2.19)
27T 0

where A+(p) and A-(P) are related to a prescribed boundary temperature by expressions of the
type given by (2.4). The expressions (2.20) and (2.21) may be obtained by using the same
procedure as that employed by Clements[6] to derive the corresponding expressions for the
upper half-space.

3. THE CRACK PROBLEMS

Consider an infinite anisotropic material in which there is a crack in the region IXII ~ a, -00 <
Xl < 00 in the plane X2 =O. The surface of the crack is subjected to the tractions (Tn = -'Tj(XI). In
addition to these tractions we consider two situations concerning the temperature field. (i) A
prescribed temperature T(xlo 0) = f(xl) acts on the crack surface. (ii) A prescribed heat flux
aT/aX2 =-Q(XI) acts across the crack surface.

It is required to find suitable stress and temperature distributions which satisfy the above
boundary conditions at the crack and satisfy certain conditions (to be specified later) at infinity.
The corresponding problems in an isotropic medium have been considered by Sih [7].

4. TEMPERATURE FIELDS

It is convenient to consider the regions X2 > 0 and X2 < 0 separately. In X2> 0 the tem­
perature is given by eqn (2.3) while in X2 < 0 the relevant equation is (2.19). The temperature
field is of course different for problems (i) and (ii) so we consider these cases separately.

(i) Specified temperature on crack faces. The temperature is specified on the crack surface
so

(4.1)

The condition that the temperature is continuous on X2 = 0 leads, from (2.3) and (2.19), to the
relation

(4.2)

Also, using (4.2), continuity of heat flux across X2 = 0 for IXII > a leads to the condition

(4.3)
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and condition (4.1) requires
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1 Loo

+ -+211" 0 {A (p) exp (iPXI) +A (p) exp (-;PXI)} dp = [(xd for IXII < a. (4.4)

We assume that [(XI) is an even function of XI so that eqns (4.3) and (4.4) reduce to the pair

L
OO

pA+(p) cos (pxd dp = 0 for XI> a,

{ A+(p) cos (PXI) dp = 1I"[(XI) for 0 < Xl < a, (4.5)

where A+(p) is now a real function (the case for general [(xd can be treated similarly by writing
it as the sum of even and odd functions).

To evaluate the temperature field throughout the body in this problem some care must be
taken with the boundary conditions at infinity. In the case when [(XI) = [0 (a constant) for
example (i.e. a constant temperature on the crack faces) the temperature will behave like log r
at infinity and because of this behaviour there is a trivial solution T = [0 to this problem. Also if
To(xl, X2) is a solution so is T = a To(x\, X2) +(1- a)[o so that the problem is not uniquely posed.
To be specific, consider the case [(XI) = [0. Then the temperature field can be written as

This satisfies all the boundary conditions on X2 = 0 but so does

T = aTo+(1- a)[o

(4.6)

(4.7)

for any constant a as mentioned above. To determine the constant a we can consider which
three dimensional problem the plane problem consider here is an approximation to. Con­
siderations of this kind have been made by Dharmadesa[8] for certain potential problems. As
far as the singular stresses at the crack tip are concerned, however, only the temperature on the
crack face is important and the above argument does not affect the stress near the crack tips.
This is discussed later in Section 5.

(ii) Specified heat flux across the crack.

Since the heat flux (which is proportional to aT/aX2) is now specified across the crack and is
necessarily continuous across X2 =0, IXII> a it must be continuous on X2 =0 for all XI. Hence
from (2.3) and (2.19) we require

(4.8)

where Al and A2 are real functions of p. Use of this condition, the specified flux for IXII < a and
continuity of temperature T for IxIi> a leads to the equations

[JA { c=~'T) A(p) exp (iPXI) dp = 0 for IXII > a,

1 fUlL
oo

•• I I-;n IpA(p) exp (lpXI) dp = -Q(XI) for XI < a.
11" 0

If Q(XI) is an even function then AI = 0 and (4.9) and (4.10) reduce to

(4.9)

(4.10)
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These integral equations have the solution (see Busbridge [7])
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(4.11)

(4.12)

(4.13)

where, in the usual notation, 10 is the Bessel function of order zero. If Q(x) = Qo (constant)
then (4.13) reduces to

(4.14)

Once A+(p) and A-(p) have been calculated from (4.8) and (4.14), the temperature
throughout the material may be obtained from (2.3) and (2.19). For example, when Q(x) = Qo
the temperature difference across the crack is given by

T - 2i(T - i) Q (2 2)1/2 f
- - _ 0 a - XI or

TT
(4.15)

5. THE STRESS FIELD

As in Section 4 the regions X2 > 0 and X2 < 0 are considered separately. In X2 > 0 the
displacement and stress are given by the expressions

1 ('
Uk =;: ~ Jo {~AkaEa+(p) exp (iPZa) + ekA+(p)p -I exp (iPZ')} dp,

Ujj ='; ~r{~ LijaE/(p)ip exp (iPZa) +(iNij - (3ij)A+(p) exp (iPZ')} dp

and in X2 < 0 the corresponding expressions are

(5.1)

(5.2)

Uk ='; ~r{~ AkaEa-(p) exp (-ipza) - CtA-(p)p -} exp (-iPZ')} dp, (5.3)

Uij = -.; ~r{~LjjaEa-(P)iP exp (-ipza)-(iNij - (3jj)A-(p) exp (-ipz')} dp. (5.4)

The requirement that the stresses Ui2 be continuous on X2 = 0 immediately yields

iP[~ {Li2aE/(p) - D2aEa-(P)}] + i[Ni2A+(p) +N i2X-(P)

- (3dA+(p) - X-(p)] = o.

Equation (5.5) may be rearranged to yield

(5.5)

L L i2aE/(p) +p- I A+(p}{Ni2 + i{3i2} = L Li2aEa-(p) - p-IX-(p){Ni2 - i{3i2}. (5.6)
a a

Denoting these expressions by F;(p) it follows that
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where
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2: Li2aMaj = 5ij•
a

(5.7)

(5.8)

(5.9)

The traction boundary conditions on the crack surface and the continuity of displacement
outside the crack (on X2 = 0) remain to be satisfied. From (5.1) and (5.3) it follows that the
displacement will be continuous if

(5.10)

Equations (5.7) and (5.8) may be employed to write (5.10) in the form

(5.11)

where

(5.12)

and

The condition of prescribed tractions CTi2 = pi(Xl) +qi(Xt} (where p;(xt} and qi(XI) are, respec­
tively, even and odd functions of XI) over the crack surface will be satisfied if

(5.14)

If we write Fj = Fi + iF'j and Rk = RL +iR~ where the primed quantities are real then eqns
(5.11) and (5.14) become

and

{ pFk(p) sin (PXl) dp = -7TQk(Xi) for IXII < a,

{ [iHksF~(p) - RU sin (PXI) dp = 0 for IXII > a

{ pF~p) cos (PXl) dp = -7TPk(Xl) for IXII < a,

{ [iHksF~(p) +RL] cos (PXl) dp = 0 for IXII > a.

(5.15)

(5.16)

Stroh[l] has shown that the matrix Hks is non-singular and hence there exists an inverse
matrix 'fJk such that

(5.17)
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Use of (5.17) in (5.15) and (5.16) yields the dual integral equations

f.~ p(F"pJ+iT•.R:J s;n (px,) dp ~ V.(x ,) for Ix,I < a, j
L[Fk(p) + msR~] sin (px.) dp = 0 for IXII > a

and

f.~ p[FUp) - iTWI ~J cos (px,) dp ~ W.(x,J for Ix,1 < a,I
L[F~p)- iTksRacos (px.)dp = 0 for IXII> a,

where

Vk(X'.) = -1TQk(X.) +L"" ipTksR~ sin (px.) dp,

Wk(XI) = -1TPk(XI) - f ipnsR~ cos (PXI) dp.

The general solution of (5.18) and (5.19) is (see Stroh[1])
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(5.18)

(5.19)

(5.20)

(5.21)

(5.22)

(5.23)

Once the heat flux and tractions are known the displacement and stress throughout the
material may be found through (5.22), (5.23), (5.8) and (5.1H5.4).

However, to evaluate the singular stress field at the crack tip all one needs to do is to
evaluate the effective loading induced on the crack via the temperature field. This can be done
from (5.20) and (5.21) and then results for the near crack tip stress field follow from the results
derived by Stroh[l] for the elastic case. To justify this we need to show that the expressions
iTksR~ and iTksR~ on the left hand sides of (5.22) and (5.23) do not contribute to the singular
stress field. This is relatively easy to show and is demonstrated below. We discuss the effect of
the two temperature fields outlined in Section 4.

(i) Specified temperature on the crack laces
Restricting attention to the situation when the temperature specified on the crack I(Xt) is an

even function of XI we have that A+(p) is a real function of p. Hence, using (4.2), (5.13)
becomes

(5.24)

so R~p) = 0 and Rk(P) == Rk(p). Thus, in (5.20) there is no contribution to Vk(Xt) from the
temperature field and in (5.21) we have

and the integral is just the temperature which is specified on the crack faces. Hence, from (4.5)
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we get
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(5.25)

From (5.2) and (5.7) the stress on X2 = 0+ can be written

= -1T -I f' p[F~ sin PXI + F~ cos pxd dp (5.26)

and from (5.14) it can be seen that the effect of the terms iTksR~ of (5.23) is just to give a stress
which is proportional to the temperature field and since the temperature field cannot be singular
at the crack tip this term gives rise to a non-singular stress at the crack tip. Note, however, that
the influence of the temperature on Wk(XI) (eqn (5.25) above), does affect the singular crack tip
stress field. Thus, for the purposes of determining the singular stress at the crack tip it is only
necessary to know the temperature distribution over the faces of the crack. However, to
calculate the stress throughout the material it is necessary to obtain the complete temperature
field.

In the case of a stress free crack with a given constant applied temperature [(XI) =[0

(constant) eqn (5.25) yields

(5.27)

where

(5.28)

Hence, from (5.23) and (5.26) we obtain an expression for the stresses on X2 = 0 near the crack
tip at Xl = a in the form

(5.29)

where r=XI-a with xl>a.

(ii) Specified heat flux across the crack
As in (ii), Section 4, we consider the heat flux Q(XI) to be a symmetric function of XI. Then

A(p) = iA2(p) is a purely imaginary function of p and (5.13) becomes

(5.30)

giving Ric =0 and Rk(p) = iRk(p). For this problem there is no contribution to Wk(Xl) from the
temperature field but (5.20) gives

Integrating eqn (4.12) with respect to XI, we obtain

{ A2(p) sin PXI dp = 1Tfl QU) dt for 0,,;;; XI < a. (5.32)

When the applied tractions are zero and the heat flux is constant over the crack faces
(Q(Xl) = Qo, say) then

(5.33)
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(5.34)

Hence, from (5.22) and (5.26) we obtain an expression for the stresses on X2 = 0 near the crack
tip at Xl = a in the form

0/1' 3/2
Yk a

Uk2 ===-2~.7Tr
(5.35)

6. NUMERICAL RESULTS

In this section we consider the stress near the crack tip in a particular transversely isotropic
material.

For transversely isotropic materials with the XI and X2-axes lying in the transverse plane the
non-zero Cijkl, aij and Aij are

CIIII = C2222, CII33 = C2233, CI3I3 = C2323, C1I22,

If a rotation of a about the x2-axis is followed by a rotation of 8 about the xI-axis then the
constants referred to the rotated frame are given by

where

r
cosa

[aij] = ?
-sma

-sin a sin 8

cos 8
-cos a sin 8

-sin a cos 8l
sin 8

cos a cos 8

We consider the particular transversely isotropic material which, referred to the symmetry
axes with the x3-axis normal to the transverse plane, has constants

CIIII = 16.5, CII22 =3.1, CII33 =5, C3333 =6.2,

CI3I3 =3.92, 106
all =60.8, 106

a33 = 14.3, A II /A33 = 1.17

If the elastic constants are multiplied by 1011 then the units for these constants are dynes/cm2

while the coefficients of linear thermal expansion are for a temperature increase of one degree
centigrade. These are the values of the material constants for a crystal of zinc although they are
chosen here merely for illustrative purposes. The values of 'Wk and 'Yk for such a material for
various combinations of a and 8 are listed in Table 1.

Table 1.

a 0 0 1T/4 1T/4 1T/3 1T/2
9 1T/2 1T/4 0 1T/4 1T/6 0

'WI 0 0 0 4.73 4.69 0
'W2 -2.14 -3.68 -2.09 -4.99 -4.99 -3.47
'W3 0 1.84 0 -1.3 -2.26 0

'VI 0.94 1.37 1.12 -0.23 -0.42 0.8
'V2 0 0 0 0.71 0.84 0
'V3 0 0 -1.9 -0.3 -0.19 0
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If each of the constants occurring in Table 1 are multiplied by 107 then the units for the
constants are dynes/cm2

•

We now use the analysis of Section 5 together with the results in Table 1 to consider the
singular nature of the stress in the plane of the crack near to the crack tip at XI == a.

Case 1: a == 0, 8 == 1/'/2. Each of the planes X == 0, i == 1, 2, 3 is a plane of elastic symmetry.
For a constant applied temperature to it is apparent from Table I and eqn (5.29) that the

shear stresses 0'12 and 0'23 are not singular in the plane of the crack.
For a constant heat flux Qo the stress 0'12 is singular in the plane of the crack but 0'22 and 0'23

do not exhibit singular behaviour.
These results are consistent with those previously obtained by Sih[5] for the corresponding

problems for isotropic materials.
Case 2: a == 0, 8 == 1/'/4. The XI == 0 plane is a plane of elastic symmetry while the X2 == 0 and

X3::: 0 planes are not planes of elastic symmetry.
For a constant applied temperature to the stress 0'12 is not singular in the plane of the crack

but both the 0'22 and 0'23 stresses exhibit singular behaviour.
For a constant heat flux Qo the stress 0'12 is singular in the plane of the crack but 0'22 and 0'23

do not exhibit singular behaviour.
Case 3: a == 1/'/4, () == O. The X2 == 0 plane is a plane of elastic symmetry, while the XI == 0 and

X3::: 0 planes are not planes of elastic symmetry.
For a constant applied temperature to the 0'22 stress is singular on X2 ::: 0 but the 0'12 and 0'23

stresses are not singular.
For a constant heat flux Qo the 0'12 and 0'23 stresses are singular but the 0'22 stress is not

singular on X2 == O. It is of interest to note that, for the cases considered, this particular
combination of angles gives the largest singular stress near the crack tip for a given constant
heat flux Woo

Case 4: a == 1/'/4, ()::;; 1/'/4 and a == 1/'/3, () == 1/'/6. None of the planes Xi == 0, i == 1, 2, 3 are
planes of elastic symmetry in this case. All the stresses 0'12, i == 1, 2, 3 are singular on X2 == 0 for
both an applied temperature and a given heat flux. These combinations of angles give a
markedly larger singular stress on X2 == 0 for a given applied temperature to than any of the
other angles considered.

Case 5: a == 1/'/2, () == O. All of the planes Xi == 0, i == 1, 2, 3 are planes of elastic symmetry.
The stress pattern is similar to that outlined for case l.
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